We present stationary, nonextremal three charge rotating black hole solutions in the fivedimensional U (1) 3 ungauged supergravity. At infinity, our solutions behave as a four-dimensional flat spacetime with a compact extra-dimension and hence describe spherical black holes with KaluzaKlein asymptotics.
In this brief report, we construct stationary charged rotating Kaluza-Klein black hole solutions in the bosonic sector of the five-dimensional U (1) 3 ungauged supergravity, using so-called squashing transformation, by which we mean that one first regards the S 3 sections of a fivedimensional asymptotically flat black hole spacetime as a fibre bundle of an S 1 over an S 2 , and then performs the deformation that changes the ratio of the radii of the fibre S 1 and the base S 2 . The resultant black hole spacetime behaves as a four dimensional Minkowski spacetime with a compactified 5-the dimension at infinity, while it looks like a five-dimensional spacetime near the horizon. Here, applying this deformation to the five-dimensional Cvetič-Youm [14] solutions with equal angular momenta, we obtain the non-extremal Kaluza-Klein black hole solutions with three electric charges and an angular momentum (or a momentum) along the 5-th dimension in the same theory.
The Lagrangian of the bosonic sector of D = 5 ungauged supergravity is given by
where F i = dA i , and
ϕ1 .
Our solutions are written as follows
where left-invariant 1-forms σ i on S 3 are given by
and, the functions (R,
with the constants
, and the function k(r) is
with the constant r ∞ . The ranges of the coordinates (r, φ, θ, ψ) are
Note this solutions can be obtained by replacing the 1-forms, (σ 1 , σ 2 ), in the five-dimensional Cvetič-Youm solution [14] of equal angular momenta with the deformed 1-forms, ( k(r)σ 1 , k(r)σ 2 ), and leaving the 1-form, σ 3 , unchanged. One can regard each S 3 section of a r=constant surface as an S 1 fibre bundle over an S 2 base space. We would like to point out that by this transformation, the ratio of the S 1 radii to the S 2 radii is drastically changed particularly at infinity, and the round S 3 of spatial infinity are squashed. The form (14) of the function, k(r), is determined by actually substituting the deformed metric into the Einstein equation and integrating the ordinary derivative equation to the function k(r). One can easily see that the undeformed gauge potentials (5) and scalar fields (6) are still solutions to the equations derived from the action (1) by taking the following point into consideration: Under this deformation,
, and k(r) −2 (∂ϕ i ) 2 , respectively and therefore, the actions for the Maxwell fields and the scalar fields are both invariant.
The horizons are located at the values, r ± = ((µ ± µ 2 − 4µl 2 )/2) 1/2 , of r (0 < r < r ∞ ) satisfying the equation Y = r 4 −µr 2 +µl 2 = 0, and hence the necessary and sufficient condition that the spacetime admits two horizons and no closed timelike curve in the domain of outer communication is given by
Note that since the spacetime metric (4) is analytic outside the outer horizon, the domain of outer communication turns out to be regular everywhere.
The squashing transformation cuts off the region r > r ∞ of the spacetime but it turns out that r = r ∞ corresponds to spatial infinity since the proper length r √ g rr dr diverges in the limit r → r ∞ . Therefore, in order to see the asymptotics of the obtained solutions, we had better define the physically clear, new radial coordinate ρ by
with the constant
and, furthermore, introduce the new coordinates (t,ψ) defined by
Then, in terms of these coordinates, the metric at infinity ρ → ∞ (r → r ∞ ) behaves as
. (21) It is clear that the asymptotic metric has the structure of an S 1 bundle over the four-dimensional Minkowski spacetime and the spatial infinity is an S 1 fibre bundle over the S 2 base space.
Next, let us see the relation between the asymptotic charges and the constants appearing in asymptotic form of the metric and gauge potentials. The asymptotic charges should be defined as boundary integrals over the spatial infinity. Since we are concerned with stationary, axisymmetric spacetimes with Killing symmetries, the conserved charges, a mass M , an angular momentum J φ along the 4-th dimension, an angular momentum (a momentum) J w along the 5-th dimension and electric charges Q i are computed as follows,
where the prime ′ denotes ∂ r 2 and L = 2 g ψψ (r ∞ ).
Finally, we consider various limits to known solutions in the five-dimensional supergravity.
(i) the limit to the ungauged minimal supergravity: As is well known, when A 1 = A 2 = A 3 , the action coincides with that of the bosonic sector in the five-dimensional ungauged minimal supergravity, i.e., the Einstein-MaxwellChern-Simons theory with a certain value of the coupling constant. For our solutions, this can be achieved by setting δ := δ 1 = δ 2 = δ 3 , and in fact redefining the parameters by r 2 → r 2 − µs 2 , µ
→ m, µsc → q and l(c − s) → a (s = sinh δ, c = cosh δ), one can show the solutions exactly coincide with the nonextremal charged rotating Kaluza-Klein black hole solutions [29] in the fivedimensional minimal supergravity.
(ii) the limit to asymptotically flat solutions: In the limit of r ∞ → ∞ with the other parameters fixed, we can see k(r) → 1 and hence can derive the five-dimensional asymptotically flat Cvetič-Youm solutions [14] with equal angular momenta. In particular, this solutions admit the limit to the supersymmetric BMPV solutions [10] .
(iii) the extremal limits: Taking the limit of µ → 0, l → 0, δ i → −∞ with keeping µs i c i and l(c i − s i ) finite, we have
where
and ds
2
T N is the metric on self-dual Euclidean Taub-NUT space written in terms of the Gibbons-Hawking coordinate system, which is given by 
with
This coincides with the extremal three charge black hole solutions in Taub-NUT space [35] .
